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The
RICIS
Concept

The University of Houston-Clear Lake established the Research Institute for

Computing and Information systems in 1986 to encourage NASA Johnson Space

Center and local industry to actively support research in the computing and

information_sciences. As part of this endeavor, UH-Clear Lake proposed a
partnershlp withJSCto jomtly define and manage an integrated program of research
in advanced data processmg technology needed for JSC’s main missions, including
administrative, engineering and science responsibilities. JSC agreed and entered into
a three-year cooperative agreement with UH-Clear Lake beginning in May, 1986, 1o
jointly plan and execute such research through RICIS. Additionally, under
Cooperative Agreement NCC 9-16, computing and educational facilities are shared
by the two institutions to conduct the research. ---——— -
The mission of RICIS is to conduct, coordinate and disseminate research on
computing and information systems among researchers, sponsors and users from
UH-Clear Lake, NASA/JSC, and other research organizations. Within UH-Clear
Lake, the mission is being implemented through interdisciplinary involvement of

‘faculty and studénts from each of the four schools: Business, Education, Human
Sciences and Humanities, and Natural and Apphed Sciences.

Other research organizations are involved via the “gateway” concept. UH-Clear
Lake establishes relationships with other universities and research orgamzatlons,
having common research interests, to provide additional sources of expertise to
conduct needed research.

A major role of RICIS is to find the best match of sponsors, researchers and
research objectives to advance knowledge in the computing and information
sciences. Working jointly with NASA/JSC, RICIS advises on research needs,
recommends principals for conducting the research, provides technical and
administrative support to coordinate the research, and integrates technical results
into the cooperative goals of UH-Clear Lake and NASA/JSC,
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Analysis of Exhaustive Limited Service for
Token Ring Networks

JEFFERY H. PEDEN

University of Virginia, Charlottesville, Virginia

Abstract. Token ring operation is well-understood in the cases of exhaustive, gated, gated
limited, and ordinary cyclic service. There is no current data, however, on queueing models for
the exhaustive limited service type. This service type differs from the others in that there is a
preset maximum (@) on the number of packets which may be transmitted per token reception, and
packets which arrive after token reception may still be transmitted if the preset packet limit has
not been reached. Exhaustive limited service is important since it closely approximates a timed
token service discipline (the approximation becomes exact if packet lengths are constant).

In this paper we present a method for deriving the z-transforms of the distributions of the
number of packets present at both token departure and token arrival for a system using exhaustive
limited service. This will then allow us to derive a formula for mean queueing delay and queue
lengths. The method used is theoretically applicable to any ®, but due to computational com-
plexity, it becomes impractical for large values of . Fortunately, as the value of @ becomes
large (typically values on the order of @ = 8 are considered large), the exhaustive limited service
discipline closely approximates an exhaustive service discipline.

Categories and Subject Descriptors: D.4.8 [Performance]: Queueing theory; C.2.5: Networks,
local.

General Terms: Performance, Theory.

Additional Key Words and Phrases: Queueing theory, network performance measurement, net-
work design, network protocol analysis.

1. Introduction

The general operation of a token ring follows. A circulating token arrives at the various
ring stations in either logical or physical order, depending on whether the ring is a logical ring

implemented on a bus (e.g., [EEE 802.4 Token Bus), or is an actual physical ring (e.g., [EEE

This research was supported by the Flight Data Systems Branch of NASA-Johnson Space Center.

Author’s address: Jeffery H. Peden, Department of Computer Science, Thomton Hall, University of Virginia, Charlottesville, VA
22903,



802.5 Token Ring, FDDI Token Ring). If a station has packets enqueued, the reception of the

token allows some or all of these packets to be transmitted. The token is then released so that it

can visit the next station. If there are no packets enqueued at a station at token reception, the

token is immediately sent to the next station.

The number of packets that may be transmitted at token reception is controlled by the ser-
vice discipline. There are six possible service disciplines: (1) ordinary cyclic service, (2) exhaus-
tive, (3) gated, (4) timed token, (5) gated limited (GL) service, and (6) exhaustive limited (EL)
service. Ordinary cyclic service allows only one packet to be transmitted when the token is
received. Exhaustive service allows packets to be transmitted until the station’s queue is com-
pletely empty, that is, there is no upper limit to the amount of time a station may use the token.

Gated service allows only those packets present at token arrival to be transmitted. GL service is

identical to gated service with the exception that an upper limit ié placed on the number of pack-

ets that may be transmitted, that is, the token serves the minimum of the number of packets

present at token arrival, or the maximum number set by the limit (an excellent treatment of gated
limited service can be found in {2]). Timed token service places a limit on the amount of time a
station may hold the token before releasing it, with the provision that at least one packet may
always be transmitted. The last service type, EL service, allows up to @ paékets to be served,
regardless of whether or not they were present at token arrival. It also includes the provision that
the token departs the station as soon as the station’s queue is empty, even if this event occurs

before the @ packet limit has been reached.

The EL service discipline has obvious application in the analysis of token rings which use
token holding timers (timed token service discipline), in that the o packet limit may be used to
approximate the maximum number of packets which may be transmitted during a service session.
The limited gated discipline may also be used, although it is less accurate. Among token rings
which use EL service are the IEEE 802.4 Token Bus [3], the IEEE 802.5 Token Ring [4], and the

FDDI Token Ring [1]. Note that if single packet per token service is used, EL, GL, and ordinary
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cyclic service become identical.

In this paper we will develop the z-transform of the density function giving the number of
packets present at token departure, using the embedded Markov chain approach. Since the
transform is dependent upon the state probabilities of our Markov chain, we show how these pro-

babilities may be obtained. We then present an example solution along with numerical results.

2. Assumptions

Our analysis is based on several assumptions, the first of which is that the stations on the
ring are indistinguishable. That is, arrival processes are the same at each station, along with
mean packet service time, station load, station latency, etc. We also assume that amivals at each
station follow a Markov process, and that all packets are offered at the same priority level, result-

ing in an M/G/1 model.

We assume pseudo-independence of successive token cycles, rather than complete indepen-
dence. The complete independence of token cycles is an assumption frequently made for
mathematical tractability, which states that a transmission has no effect on the length of the fol-
lowing token cycle. Our assumption of pseudo-independence assumes the departure from an
equilibrium state on a single successive token cycle, and then a return to equilibrium. We show
that valid results are derived using this assumption. The reasons for this are that (1) the depen-
dence of any token cycle on the previous one is very small, and (2) the fact that we are using
unconditional distributions based on the mean value of the token cycle time (which is unaffected
by the number of packets per token allowed -- see Section 7) allows us to derive the uncondi-

tional probabilities we use in our analysis.

3. Preliminaries
Several terms and functions are used in our analysis. Following the standard definitions, the

z-transform G (z) of a function G (¢) is



G =E[X]= ¥ giz* M)
k=) :

where g, = P[X=k), and E[X] is the mean or expected value of the random variable X. Simi-

larly, the Laplace-Stieltjes transform (or LST) of a function is

F'Gs)sE[e™X)= j e~ dF (x) )

The expectation operator E [X ] for some random variable X is

EXl= T kP[X=k] 3)
k=0
for the discrete case. For the continuous case, it is
E{X]= [xdF(x) G

We use the following notation for conditional expectation:

PlxMy]

—— 5
7] )

P{x|y] = P[x given that y has occurred] =

4. Fundamental Relationship
This analysis is for EL service, where the number of packets per token may be any finite
integer greater than or equal to one; the analysis implicitly includes a derivation for ordinary

cyclic service.
The fundamehtal equation of our system is
Rys1 =Ry +A, - Q, ‘ 6)

where
R, = the number of packets present at the n'* token departure
A, = the number of packets which arrive between the n** and n+1* token departures

Q, = the number of packets transmitted between the n** and n+1* token departures

L TN 1] U (N B . | | 1 1l

1



I

qapneoocr en o gt a1 o

g

This is a time-dependent process. In order to remove the time dependency, we let n — e, and

take the expectation. This results in
E[R]I=E[R]+E[A]-E[Q] @)

From this equation, we see that queue length at token departure is a natural point at which to

embed a semi-Markov process.

5. Probability Distribution of Packet Arrivals

In order to define the probability distribution of packet arrivals, we first need certain terms.
An arrival slot is defined as being either the token vacation or the duration of a packet transmis-
sion; there are at most ® + 1 arrival slots in a token cycle, there is a minimum of one. The quan-
tity Pis defined as a vector of length @ + 1. The elements of Pare numbered from 0 to . The j*
element of Pis an integer representing the number of arrivals during arrival slot J. The 0* ele-
ment represents the number of arrivals during the token vacation; successive elements represent

arrivals during packet transmissions.

The inclusion function / (£, Q, A, R) is defined as

IGQ,AR)=1, R+A2Q

1@ Q,A, R)=0, otherwise 8)

where Q is the slot number of ¥ A is the number of packets which have arrived previous to slot £
given the current value of ¥, and R is the state '6f the queue at the previous token departure. The
purpose of this function is to control the inclusion of certain terms in the calculation of arrival
probabilities.

THEOREM 1. The probability ®;,; of i packet arrivals occurring between the current token

departure and the next token departure given state j at the current token departure is given by



[&..,0] L - | '

mij= Yy PE=FI[]/C QAq.R) (9)
Q=0

with ?runm’ng through all canonical forms of all lengths of Tfrom len® =110 len@ =0 + 1,

beginning with ¥=[0,....k | and ending with P=[k,..., O] such that the integer elements of 3 sum

tok.

PROOF. The calculation of x;; is complicated by the fact that the arrivals are constrained
to arrive early enough to make a contribution to service time. For example, it is evident that for
any packets to be left behind at token departure, @ packets must have been transmitted (if less
than o packets were transmitted, the station was empty of packets at token departure). However,
if only a single packet was present at the previous token departure, and the number left behind at
the current token departure is greater, then at least ® + 1 packets must have arrived during a total
of w packet service times plus the token vacation time. But if all o arrived during the o™ service
time, there would only have been a single service time (a contradiction), since only the single
packet present would have been served with the token then departing. Therefore, some of the
péckets had to have arrived prior to the w* service time for there to have been @ packets
transmitted. All possible arrival forms are generated, whether or not they are admissible; the
function I &, Q, Aq, R) excludes inadmissible forms. An example of pbssible arrival forms for

® =2 is givenin Figure 1.
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FIG. 1. Possible arrival pattems for two packet arrivals.

To complete the proof, we must show that

gon“j =1 (10)

If we represent the conditional state probabilities as poijs P11js P21jrr then we may propose the

following lemma:

LEMMA 1.

porj=Toij +oyj+ " + Roojij

P1j=Roj+llj

(1

P2j=Ra-j+2lj



etc.

PROOF. If j packets are present at a station, then ® — j packet may still arrive and be served,
departure. If i packets are (o be present at

the station empty of packets at token
previous token departure,
o - j + i packets must arrive for i

thus leaving
then since up t0 ©® —J packets

token departure given j present at the

may arrive for no packets to be present at token departure,

packets to remain. O

We know that that Y P = 1. From the above lemma we have ip“,- =Y Wiij- Thus
i=0 i=0 i=0

i i =1.0
i=0
is always less than or equal to

COROLLARY 1. The number of permissible arrival forms

[o) ;" t ] for i arriving packets.

PROOF. Since arrivals are indistinguishable, the total number of arrival forms is given by
the Bose-Einstein statistic. Due o ;he fact that some arrival forms do not meet the criteria given
in Theorem 1 for timeliness of arrival, this statistic represents a maximum. O
Corollary 1 is an important measure since it shows the complexity of the algorithm used to

compute arrival probabilities.

6 Thezwansform |
m is to derive the conditional- Lransfo

The method we use 10 derive the z-transfo

onditional transform in terms of unconditional staté probabil-

will thus allow us to €xpress the unc

ities. We will show that the number of unconditional state probabilities needed is equal t0 ©, and
then indicate a method for finding them.
THEOREM 2.
(12)

G(z le=@+8) =22V A=)z le) (B (A -A2)"

rms which
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where V' (s) and B *(s) are the LST s of the token vacation time and 'packet service time distribu-
tions, respectively.

PROOF. Any state € < § is unreachable since only ® packets méy be transmitted. Since
there are at least ® + & packets present at token arrival, exactly @ packets will be transmitted.

Therefore, the z-transform is defined by the expression

Gzle=0+8)= ¥ ezt
o ' k=0

=25 § w2k (13)
k=0

where m; is the probability of k packet arrivals during the token vacation time plus @ service
times. We may now apply the well-known result from queueing theory that a system with Pois-
son arrivals which only experiences unit changes in state has the following relationship between
its z-transform and the LST of its packet service time distribution:

H@)=U"(A-A2) (14)

Defining the LST of the token vacation time distribution to be V°(s), and the LST of the packet

service time distribution to be B*(s), we have

Gizle=+8) =2V A-A2)[B"A-A2))® (15)

For any state 0 S€ < , the constructioﬁ of the z-transform is accomplished by realizing
that the number of packets left behind in the queue at token departure is the number left behind at
the previous token departure, plus thé number 1»:vhicih amive to be served, minus the number actu-
ally served. Defining G(z |€) to be the z-transform of the state transition probabilities, and

H(z |€) to be the z-transform of the packet arrival probabilities, the relationship between g(zle)

and H (z | €) is given by the following theorem.



THEOREM 3.
G(zle)= H(zlg)z®
' -1 -1
> Kkzk*‘+{1-w§ m]zw (o
k=0 k=0

PROOF. The z-transform for the number left b¢hind at the previous token departure is

merely z€. Therefore, since addition and subtraction in the distribution domain corresponds to
multiplication and division respectively in the transform domain, the numerator of G(zl¢g) is
edual to H(z 1e)z%. The transform of the number delivered is given by the denominator of
G (z |€). If no packets are left behind, i.e., € =0, then the number delivered is equal to the lesser
of the number which arrive and ©. If a single packet is left behind, the number delivered is at
least one, plus those that arrive, or @, whichever is less, and so on. Using mathematical notation,
this quantity is identical to the denominator of G (z1€). Since these packets are subtracted from
those which are already present plus those which arrive, this transform is in the denominator of
G(zle). O

THEOREM 4. For any state 0 S € < O, the conditional z-transform for that state is given by

G@ile)=V' A-A2)[B"A-Az))®
—Toie[B (A=A 2)]*¢ + My
~mnez[BTA-ADI" ! + 1y

g 2? (B (=AD" 4 1y 2

- Rpe-1ie 2 TIB A -Az) + petre tias (17) |

PROOF. G (z) is always less than or equal to V*(A-Az2)[B"(A-A2)]". The forms which

must be omitted consist of those arrival formats such Vihat' the number of arrivals is less than

®—¢. These, however, are given by mg[B (A —A2)]”* + g, melB A=A + e,
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~ Thus G (z) is dependent only on Po, P, ..., Po. O

through Tep¢-11eB (A =Az) + Koe-11c. These forms serve to eliminate the first ©® — €~ 1 terms
from the z-transform. However,  these terms are replaced by

Mole + g2 + **° + My e11¢ 22, which are the comrect @ — € — 1 first terms of the transform.

a
Once all the conditional transforms have been obtained, the final unconditional transform
G (z) for any w is given by
G(z)=Y PG(zle) (18)
e=0
THEOREM 5. The final unconditional z-transform is dependent upon ® unconditional state
probabilities Pg, Py, ..., Pyy.
PROOF. From Theorem 2, we have
1 fd .
G@)= 3 PG(z16)+ T Pe 25V (h=A2)[B°(A-AD)]° (19)
e=0 E=©
We recognize that
T PV (A -Az)[B (A -A2)°
E=(d
. o w-1
VIA-A)[B'A-A)]°(G(2)- T Pc2)
. =) (20
= =
G (2) ultimately resolves to
. ' N w1 w1
V'A-A2)[B"A-A2)]* T P2 -z® T PG (zlg)
£=0 £=0 21

G@= V' A-A2)[B*(A-A2)]® - 2°

The state probabilities Pg, Py, ..., P, are obtained using the method in {2]. The uncon-

ditional transform has a degree @ polynomial in z in the denominator, and a degree ® — 1 polyno-

— 11—



mial in the numerator. Since the transform is certainly analytic on and inside the unit disk,
Rouche's Theorem guarantees that the numerator and denominator will have @ -1 identical roots
inside the unit disk (from inspection, the @ root is 1). The denominator polynomial, which
involves only z, is used to obtain ®— 1 of the zeros of the numerator polynomial, resuliing in
® -1 equations in @ unknowns. The necessary o equation is obtained using the fact that

G(2) |, = 1. These zeros are now used in the numerator to solve for Po, Py, ..., Py

Using G(z) we can now obtain the moments E(R] and E[R?) of queue length at token
departure via differentiation of G (z):

E[R]= Edz—G(z)‘ (22)

=]

2 |
E[R’]=%G(:)J +ER] 23)

2=l

The z-transform derived above is not 'directly invertible, thﬁs making it impossible to derive
a closed form expression for the probability dxstnbyﬁugrﬁxﬂfuncuon However, it is poss:ble to
numerically invert the z-transform to any degree desired, that is, it is theoretically possxble to
compute any state pmbabiiity; however, the computation of Py increases quickly in difficulty as k

grows large. Fortunately, the state probabilities quickly become numerically insignificant as &

grows large.

THEOREM 6. Given unconditional state probabilities Po, Py, ..., Pi1,

k-1
Pro-— 'Zpk-mliPt

24
Py = (24)
Pk—wlk B
PROOF. State € =k — @ can be reached only from states Po. P Is- . 'P;; Therefore
k-1 - ,
Pr =3 Pr-wiPi +Pr—oixPr (25)

i=0

with the only unknown being P. Solving for P, we have
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k-1
Prw— 3 Pr-wii Pi
i =0 (26)

Pe=-

Pik-wlk

COROLLARY 2. Given unconditional state bfobabfliﬁ'es Po, Py,..., Py, itis possible to
find any unconditional state probability.

PROOF. The proof is by induction on k, where the state probability to be found is P e It
is evident that we can find P, given that we havé Po, Py, ..., Py, thus demonstrating vali-
dity for k = 1. Assuming the statement to be tl;ue fork=n-mw-1, wecan easiiy find P,, so the

corollary is valid for k =n — @. Therefore, by induction, the corollary is valid forall £. O

7. Token Cycle Time

It has been proven elsewhere that the mean token 'cycle time is unaffected by the choice of
o [8]. It is necessary to qualify this, however, by stating that if the network load is outside the
region of stability for any w (that is, a niean queue length exists), then the statement applies only

10 a choice of @ such that the network load is within the region of stability for @’. Given this,
we may now state:

THEOREM 7. Given nondeterministic network operation, the mean number of packets
present at token arrival is less than ® if the mean exists.

PROOF. Given stability, the mean token cycle time is unaffected by the choice of @ (given
suitable cqnstraints on the maximum load). It is easily demonstrated that for any ®, the denomi-
nator of the equation giving the mean number of packets present at token arrival will contain the
factor

w-(0B OA-A2)+V DA -A2)) Q7

which is multiplicative of all non-zero terms in the denominator. The term

-3



wB VA-12)+ V' O-A2) (28)

represents the mean number of packets arriving at a fully utilized station during a full token
cycle. For the term in Equation (28) to remain positive, the number of arriving packets during a
token cycle must be strictly less than . Since the number of arriving packets must be less than
@, a xrn'ealcxﬁqu'eﬁe length of greater than or equal to @ cannot be maintained. Assuming the con-
trary, if a mean queue length of greater than © exists, then less than o packets arrive during each
token cycle, but @ packets are served, resulting in more packets being served than are arriving.
This, however, implies that the queue length is constantly deqreaéing, which is inconsistent with
the assumption of a mean queue length. Thus the mean queue length at token arrival must be less
than o. O

COROLLARY 3. Given nondeterministic network operation, the mean number of packets
preseni at token departure is less than @ if the mean exists.

PROOF. The number of packets present at token arrival is equal to the sum of the number
present at token departure plus those which arrive during the token vacation. Therefore, the

number present at token departure must be less than or equal to the number present at token

arrival. O

8. Token Vacation Time Second Moment and Variance
Using the definition of the variance of a random variable, the variance Var (T',] of the token
vacation time is givén by S
Var[T,] =(N - 1) Var[T,] (29)

Since the variance is a function of the first and second moments, we have

E[TY=E[N-DT, +v?*

where T, is the token hold time random variable. Equation (30) resolves to

—14—
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E(F3]=(N-1)[ZYE[Fu]+(N-1)E[T'3]] P @31)

Because of Theorem 7, we may use the proof in {5] that

EIT,)= T—I%F | (32)

The only unknown is E [T'2]. Itis easily shown that

EM3=E(Q* Var[U]+E}U]Var[Q] +EX(T,] - (33)
where Q is the random variable of the Vnu'mbetr'réf packets éefved, and U is the service time ran-
dom variable for a single packet.

To find E[?], we need P[Q=k | R] fork =1, 2,..., @. Using x;); as defined in Equation

(9), we have

LEMMA 2.

PIQIR]=mgpiz. Q-R>0
PIQIR]1=1, Q-RSO (34)

PROOF. If Q packets are to be served (where Q < @), and R packets were left behind at the
previous token departure, then exactly  — R packets must arrive. However, the probability of
Q — R packets ammiving is ftq_g 1z. If R 2 , then exactly o packets will be served with probabil-
ityl. T

We may now remove the conditioning on thé expectartionr,r rsince the st:;ne p;'ob;i;ilities are

known. Thus E [€?] is given by

E(Q?]= ¥ k2 P[Q=k] (35)
k=0 *

To compute Var[Q] we need E 2Ql, butrthirs lS équal to the square of the mean number of pack-

ets which arrive during a token cycle time, or [A.E (1] ]2. Thus

—15—



Var[Q] = E[Q?] - [u: (] ]2 (36)
Thus, after substitution and algebra, we have

Var[T,] = (N - 1)? Var[T,] (3N

COROLLARY 4. AsE[Q) > o, Var[l,] > (N - 1)? @? Var (U, and furthermore, if packet

lengths are constant, as E (] = o, Var(T,] - 0.

PROOF. The proof follows from substitution into Equation (37). O

9. State of the System at Token Arrival

We now have a description of the system at token departure times. However, a description
of the system at token arrival is also of interest. Since we have the z-transform and state proba-
bilities of the system at token departure, it is possible to derive from this the z-transform of the

state of the system at token arrival instants.

Given that G (z) is the unconditional transform of the number of packets left at a station at
token departure, the unconditional transform of the number of péckets présent at token arrival

G4 (2) is given by
COROLLARY §.

Ga(1)=G@ V' A =A2) (38)

PROOF. The uncéndiﬁonél trransfon; of Vthe token vacation time is V' (A — lz) ;V‘I‘he
number of packets present at token arrival cannot be less than the number present at token depar-
ture, since ft is equal to the number left behind plus those which arrive during the token vacation,
and the number which arrive during a mean token vacation is certainly independent of the

number left behind. Since the addition of independent random variables is equivalent to the mul-

tiplication of their transforms, we arrive at Equaﬁon @44). O
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The unconditional state probabilities at token arrival time may be found using Corollary 5.
Defining P’ 10 be the unconditional probability of k packets present at token arrival, and
P[A,=k|j] to be the probability of k arrivals occurring during the token vacation time given

token departure state j, we have

. k
P’[;= §OPkP[Ay=k"'JU] (39)
J

PROOF. Since the number of packets present at token arrival must be greater than or equal

to the number present at token departure, we may state the following relationship:

P'y=PyP[A, =010]
P’ =PyP[A,=110]+P, P[A, =0I1]

P’y=PoP[A,=210]+P, P[A,=111]+P,P[A,=0I2] (40)

etc. The general form of this relationship is given by Equation (39). O

10. Mean Waiting Time

For our purposes, we define the queueing delay of a packet to be the time between its arrival
to the queue and the time it begins to receive service, that is, its total time in the queue minus its
own service time. It has been proven in [6] that the mean waiting time of a packet £ [W]is given
by

E[W]=E —Eﬂ]— @1
W)=EQ1+ 5y |

where E[Q) is queueing delay, and E [T'2}/ 2E(T,) is the time spent waiting for the token to
arrive. The time spent waiting for the token can be found by simple substitution. It has been pro-
ven in [2] that queueing delay cannot be foﬁnd using thé Poll‘aczek-Khinéhihwmean value equa-

tion. We must therefore derive our own mean value equation.
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We are interested in the mean queueing delay for an arbitrary arriving packet. Defining & as
the number of packets which arrive ahead of our arbitrary packet, and 8 as the number of times its
transmission is blocked (that is, it cannot be transmitted at the current token reception because at

least w packets precede it), we may state the following theorem:

THEOREM 8.
E(Q]= E“”;E[ Ly EpIET,) 42)

PROOF. It is evident that an arbitrary arriving packet will experience two sources of queue-
ing delay: the time needed to serve packets left behind at the previous token departure, and the

time needed to serve packets which have arrived prior to its arrival. That is,

0= 5—:—5* @3)

where Q is the total queueing delay, & is the number of packet arrivals prior to the arrival of our

arbitrary arrival, and R is the number of packets left behind at token departure.

Since £ [R] is derived above, the unknown in Equation (45) is & A well-known result from

renewal theory states that the expected value of residual life £ [yx] of the random variable X is

2
Elyx]= 255[% (44)

where X is the random variable whose duration is in question. Since the age ¢x of a random vari-

able X is merely the total life of X minus its residual life, we have

E[ox]=E[X]- E[yx] , . . o “45)
Using Little’s law, this allows us to state that the expected number of arrivals prior to the arrival
of our arbitrary arrival is |

EEl=ApEWJ+EMD+A(Q-p)ED] N %

where ¢, is the age of the token hold time, and ¢, is the age of the token vacation time.
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LEMMA 3.

E[B]= 47

E[R]
®

PROOF. Since it is guaranteed that £ [R] < ®, the mean number of packets blocked at any

token departure can be transmitted at the next token arrival. Therefore, the mean number of times

a packet is blocked is identical to the mean number of packets blocked divided by ©. O

Thus by Lemma 3, the average packet will be further delayed by an amount of time equal to

E [B] token vacation times, resulting in a total mean queuing delay of

£ig1= ARl sE@ET) @

We may now find the total expected waiting time from Equation (41). The residual life of
the token vacation time can easily be found from Equation (44) and Equation (33), and the resi-
dual life of the token hold time can be denved from Equauon (44) Lhrough Equauon (46) The

derivation of mean queue length is implicit in the above proof.

11. Numerical Results

In this section we show the results of our analysis. This is done by comparing the results
from our simulation system to the numerical values produced by the analysis. We show that the

analysis has good aﬁreement with the results produced by the simulation system.

The simulation system used to produce the results shown here is a discrete event, continu-

ous nme token ring sxmulator It assumes emor-free operauon Each value on each graph is the

result of 10 completely mdependem expenmems (more than 10 expenments is generally mfeasx-
ble because of time restraints, however, 10 independent experiments general]y produce statisti-

cally valid results).
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The basic operation of the simulator is as follows. All events are prequeued in a timewise
fashion using a random number generator to produce interarrival times. Each token arrival con-
stitutes an event at a station. At each token arrival, queue lengths, token cycle times and packet
delays are measured. Packets are ‘‘transmitted’’ by resetting pointers and updating time values.
A packet is considered to be enqueued at token arrival if its arrival time at that queue is less than
or egual to the current time as seen by the token. From these measurements, it is a simple matter

to calculate mean values.

The protocol used in our simulations is identical to the IEEE 802.5 token ring protocol [4]
running at 16 Mbps, with the exception that a packet counter was substituted for the token hold
timer, That is, instead of a station being allowed to hold the token for a certain length of time, it
is allowed to hold the token for a certain maximum number of packet transmissions. Whenever

this number has been reached or the transmit queue becomes empty, the token departs.

The results shown are taken from equilibrium operation of the simulator (see (7] for the
methods used to determine when the simulation has achieved equilibrium). The results from the
mathematical analysis are within 95% confidence intervals (see [7]), except for the token depar-
ture queue length measurements for both Figures 1 and 2 at the highest loads measured. Token

arrival queue lengths are all wnhm 95% conﬁdence xntervals

Flgure 2 shows the token amval and token depanure queue lengths as produced both by the

smulatnon and the mathemaucal analysns Fxgure 3 shows 1denncal graphs for a different

conﬁguratxon. Note in both cases the behavnor of the predlcuve model the residual packets are

shghtly overesnmated at low loads, and shghtly underesumated at high loads thure 4 shows

mean waiting time (queueing delay plus the time spent waiting for the token to arrive).
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FIG. 2. Mean queue lengths vs. offered load for token arrival and
departure instants for 5 stations, 32 byte packets, and @ = 1.
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FIG. 3. Mean queue lengths vs. offered load at token arrival and

departure instants for 10 stations, 32 byte packets, and ® = 2.
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FIG. 4. Mean queueing delay vs. offered load for 10 stations,
128 byte packets, and ® =2.

The network configuration for all the simulations (with the exception of the number of sta-
tions and packet lengths) are id;ntit}:a!. We assuimed an intemal station latency of 6 bit times, a

uniform distance between each station of 3.0 meters, and a signal propagation delay of 5.085

nanoseconds per meter. In all cases we assumed Poisson amrivals and constant packet lengths.

Packet lengths include all framing.
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12. Conclusions

In this paper we have derived mathematical models deécribing the behavior of an exhaus-
tive limited service discipline for token ring networks. The models we have derived are the
transforrﬁs of the distribution of the number of packets present at token departure and token
arrival instants. Our models also predict queue lengths at both token arrival and token departure.
We have compared the mathematical results to simulation results, and agreement between the
two is close. We have also shown how to find any state prqbability desired fé)r both token amival

and token departure instants.

The complexity of our model is of order ®!, where @ is the maximum number of packets
per token allowed to be transmitted at token reception. The model requires the solution of @
independent linear equations. The complexity of our model, however, is small when compared to

the time and memory needed to run a computer simulation of an identical configuration.

The importance of our model is that this service discipline closely approximates protocols
which use a token hold timer to limit the token visitation time at a station. Also included in our
model is an implicit solution to single packet per token, or ordinary cyclic service — this solution

results when @ is sét to 1.
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